CH2: Disccrete Time Systems and Z Transforms

difference equations: used to describe Operation of Disccrete Time Systems
z-transform: transform used to analyze linear, time invarient, dicrete time systems

LTIDS: linear, time invarient, dicrete time systems
LTICS: linear, time invarient, continuous time systems

2.2: Discrete Time Systems. Controlled by digital computer
A/D conversion: used to convert continuous error signal
D/A conversion: used to convert digital signalsto drive plant

input error signa
— . O—[AD }>

digital
controller > - >

T

plant input

output

E Plant >

Replace continuous proportional-intergral (PI) controller with digital system
m(t) = K pe(t) +K; j(t)e( r)dr

e(0)

N

y E——

e(4T)
S.%

N

M(s) = KpE(9) + Ki E(9)/s

k[ x(kT) e(kT)
0 | Te0) &0)
1 [ Te(0)+Te(T) o)
2| T(e0)+e(T)+e2T)) | &2T)
3 | T(0)+e(T)...+&(3T)) [ e(3T)
4 | T(0)+e(T)...+e(4T)) [ e(4T)

T 2T 3T 47

Digital system must have same charact
- rectangle rule for integration:
continuous. x(t) = fe(n)dr

eristics

discrete: X(KT) = x((k-1)T) + Te(kT)

(2-1)
(2-2)

- digital controller becomes 1% order linear difference equantion:

M(KT) = Kye(kT) + K, x(KT)




General form for 1% order linear difference equation
X(K) = bye(k) + boe(k-1) - apx(k-1) (2-3)

(1) = by &(1) + bee(0) - a0 x(0)
X(2) = by &(2) + bee(1) - ao x(1)
X(3) = by &(3) + boe(2) - ao X(2)

General form for n" order linear difference equation

n n
X(K) = Ybnie(k=i)=3 an-ix(k=i) (2-2)

i=0 i=1

- can be used to model linear time invarient controller or entire system
- same equation for digitial filter
- implmented by digital computer

design issues
select sampling interval, T
select the order of the difference equation, n
select filter coefficients for desired respones, a;, b;
select enough bits to avoid significant round-off error

General form for n"order linear differential equation

_ n dn_ie(t) n-1 dn_iy(t)
x(k)= igoﬁn_i - ‘i=00'n—i T (2-5)
- can be used to model linear time invarient controller or entire system
- implemented with op amps & RC circuits (analog computer)

- same equation for analog filters

Approachesto designing digital compensators
1) design analog compensator then convert to digital compensators
2) direct design of digital compensators



2.3 Transform Methods

LTICS: use Laplace Transform for analysis and design
Y(s) = B+ BuiS T +... + Bis+ [ (2-6)
E(9 = as'+ anaS™+ ..+ s+ o

LTIDS: transform for difference equations

ordinary z-transform: define E(2) as power series in terms z* with coefficents = {e(k)}
‘{}’ denotes application to sequence
e(k) implies e(kT): drop T for convenience

E2 = Z[{e(K)}] = Igjoe(k)z"‘ = g0) + e()Z' + e2)2%+ ... (2-7)

o) = Z1[E@)] = — $E(2)7 Yz, =41
277 r

Z indicates z transform
Z ! indicates inverse z-transform

E(z)=Y 5 e(k)z* (2-8)

double-sided z-transform (Generating Function)

GI{ (k)Y =Y., F(K)Z (2-9)

Examples

1. E@=1+3z*-272+7%..
(0)=1, e1)=3 e2=-2 &3)=0  e4)=1..

2.ifek) = 1foralk > E@) =1+ z'+ 7% + ...

1 o i 1 z _
oy - TmX  M<l-e E@Q=r—xy = -, |Z<l
- transform of any time function with value = 1 every T seconds
- unit step
3eK=e>  E@ =1+e?T7 4+ £¥774 23734
— 1+ (g—aTZ—l) + (g—aTZ—l)Z_'_ (g—aTZ—1)3+
_ -aT -1 _ 1 _ z —aT -1
X=&%z2" - E(Z)_l—g‘aTz‘l = S le * z <1

e(k) generated by sampling the function e(t) = £2*T at intervals of k




2.4 Properties of z-transforms

Unit step function
if k<O - u(k)=0
if k=0 - u(k)=1

Ok <0 - e(k) =0:2z[e(k)] = Z[e(k)u(k)]

e(k —nu(k —n) = e(k)u(k) ly=-n
e(k + nju(k + n) = e(k + n)u(k)

DiscreteUnit |mpulse
ifk=n-> dk-n)=1
ifkzn > dk-n)=0

Z[o(k-n)] =YF,d(k—-n)z ¥ =z"

(1) Addition & Subtraction: Z[ei(k) #exXk)] = Ei(2) + Ex(2)

Z[e(k)t e (k)] =" (e(k)e,(k)z ™

=D ez 3 e (k)2
=E1(2)+ Ex(2)

(2) Multiplication by a Constant: Z[ae(k)] = aZ[e(k)] = aE(2))

az[e(k)] =) ae(k)z=ay " e(k)z ¥ =aE(z)

- Linearity follows from (1) & (2)



(3)Real Trandation:
(i) time delayed: Z[e(k-n)u(k-n)] = z "E(2)

Z[e(k—n)u(k-n)] =e(0)z " +g(1)z (") +g2)z (") +
=z "(e0)+e1)zt +g(2)27% +..)
=z "E(z2)

(i) time forwarded: Z[e(k +n)u(k)] = z"[ E(z)—zge(k)z"‘]

Z[e(k+nu(k)] =e(n)+en+1)zt +en+2)z 72 +...
=z"[e0)+e(1)z +e2)27% +...

+e(n-1)2 "V +g(n)z " ++e(n+1)z (" +g(n+2)z7("2) +
+.-80)-g1)zt -g2)z2 - ...-gn-1)z ("D}
=2"[E(2)+ Y, e(k)z ]

shifting examples:

kK ek Jekl |ek2) ek
0 |1 0 0 18

1 |15 |1 0 19

2 |18 |15 1 2.0

3 |19 |18 15 |25

4 |20 |19 18 |-

4 |25 |20 19

(4) Complex Tranglation: Z[ £ *e(k)] = E(ze ™)

Z[e¥ ] = e0)+e%e(1)z +e Pe(2)7” +£ P e3)Z7%+ ...
= e(0)+e(1)(& ) +e(2))(e ) +e(3)) (e D)+
= E(2) =E(ze ™)

7=£7%z

(5) Initial Value: 0) = E(2)

limz- o

e0) + (D)o’ +... = &0)



(6) Final Value: |ime(n)=lim(z-1)E(z)

n-o z-1

Ze(k+ 1) ~e(k)] = || Tpoelk+ D2 - Y k)2 |

n- oo

=Iim[—e(0)+e(1)(1—z‘l)+e(2)(z‘1—z‘z)+...+e(n)(z‘”+1 —z")+en+1)z™"

n-oo

- [imZlek+1)-ek)] =|jmle(n+1)-&0)]
z-1

n-oo

L Z[e(k+1)-e(k)] = Z[e(k+1)] - Ze(k) = ZE(z) - &(0) - E(z) = (z-1)E( z) - z&(0)

Olim(z-1E(2)-290) = |jmle(n+1)-&0)] - |jmen) =[jm(z-1)E(2)
z-1 z-1

n- oo n- o

* provided left - sidelimit exists(all polesof E(z) areinunit circle
except for possiblesimple poleat z = 1)



; —akT 7 — z
iel. Z[ & 1= A
L Z[ e STy(k-5)] =275 £ _
z-¢
- z —aT -
. Z[E a(k+3)Tu(k)] :Z3|:Z_£_a-|- —-1-¢ aTZ 1 _

ie2: by definition: Z{e(k)} = i a(k)z X
k=0

then Z{ke(k)} = i ke(k)z™*
k=0

- zi - kz * e k)
k=0

_UE(2) _ _Z( 1

dz z—l_(z—l)2
— Z
(z-1)°
-a a
and Z{ké*} = —% = f - ‘Eiz
(z-1)%|_,-a (2£7-1)> (z-¢%)

ie3. if e)=1 E(z):ﬁ

z 1
0)=1i =i =1
A= lim -y = lim e A,

lime(k) = Iirq(z—l)E(Z) = Iiqu =1

k - o0 z

|

|



Propertiesof Z-transforms

sequence

(k)

age,(K)+ aye, (k)
ek =n)u(k = N)|rsg
e(k +n)u(k)
e%e(k)

ke(K)

&r(K)* ey(k)
e(k)=>" en)

&0)

[ mek)

Kk - o0

transform

E@=), &Kz

a1E1(2) +a,E,(2)

z"E(2)

z”[E(z)—ZE;;e(k)z_k}

E(ze?)

L UEQ@

dz

EL(2)Ex(2)
axn=;§1az)

limE(2)

Z->00

lim(z-1E(2)

z-1

(if &) exists)



z-Transform Table

uence Z- Transform
Seq
okk-n) z"
ak s
zZ-a
z
k
(z-1)°
K2 2(z+1)
(z-1)°
kak az
(z-a)°
sin ak zsina

7’ —2zcosa+1

Z(z—cosa
cosak 5 ( )
z°—2zcosa+1
. azsinb
ak sinbk > .
z° —2azcosh +a
7° —azcos b
aX cosbk

7° — 2azcosb + a°



2.5 Solutionsto Difference Equations

3 basic techniques

1. classical approach: find complimentary & particular parts of soln (~ differential equations)
2. sequential procedure: used in digital computer solutions
3. z-transform

1. classical approach not discussed

2. sequential procedure

ie: find m(k) for m(k) = e(k) — e(k-1) -m(k-1) k >0,

ifk=1,35.. >ek=1
ifk=10,246... >ek =0
ifk< 0> ek) =mK) =0

k | mK) | eK) | e(k-1) | m(k-1)
0/ 0 | 0| O 0
1] 1 | 1| 0 0
2 2 [0 | 1 1
3] 3 | 1| 0 2
41 4 | 0 | 1 3
5/ 5 | 1| 0 4

3. z-transform

m(K) + anam(k-1) + an.om(k-2) + ...+agm(k-n) = bne(k) +bn1e(k-1) +...+ bee(k-n) (2-19)
1+ an1zt + anoz?+ ..+ aZ")M(@) = (bn+ braZ'+..+ byz" )E@®) (2-20)

> M@ =_ (bh+ bz +..+ byzZ")  E@ (2-21)
(A+ an1zt + anoz? + ..+ az")

>mK) = Z' M)

with non-zero initial conditions: replace k with k+n =2 include m(0), m(1),...,m(n-1)
m(k+n) + ap.am(k-1+n) + ... +aom(k) = bre(k+n) +bn1e(k-1+n) +...+ boe(k) (2-22)
Z[mk+i)]= Z[M(@) = m(0) - m(1)Z*- m(2)Z2- ..-m(i-1)z (2-23)

10



m(k)=e(k)-e(k-1)-m(k -1),
k=1,35..- ek =1
k=0,2,4,6... - ek =0
1+zHME@=(1- z1)ER

1-z1 z-1
E(z)=——E(z
B E@)

M(z)=

E(z)=1+z2+z2%+z %+ . =1+(2) 1 +(2)2+(2#)3...
I S 72
1-72 7%-1 (z-1)(z+1)

z-1 7° 7°

M) o) (2D Zroze1

expand into power series - z° + 22+1E=1—22_1 +3272-4773..
1o lia2_ 43 _N\® K
M(z)=1-2z ~+3z 4z ...—Zkzom(k)z

2.6 Inverse Z-Transform: recover e(k) from E(2)

1. Power Series Method: convert z-transform to power series: e + ez *+ ez %+ ez 2 ...

_Ex(2)
E(2) = Eo(2) - ED(Z)jEN (2)

may be possible to recognize e(k) from e(0) , &(1), 2), ...

7+ 1073 + 100Z° + 1000Z"...
Z-10 | z
z—1071
10z*
10z*-10073
100z
100Z° — 1000Z°
1000Z°

e(1) = 1, &3) = 10, &5) = 100, &7) = 1000
if k=o0dd = eK) = 10e(k-2)
ifk=event > &k)=0

11



2. Partial Fraction Expansion (~similar to Inverse Laplace Transform)
- expand into partial fractions
- usetable of ztransform pairs (appendix VI11) to determine inverse

exponential commonly encountered z-transform: a“
1 z

Z@=1+azt+ az%+ a%Z2°+ ... > — =
l-az Z—a

z appears in the numerator of transform - perform partial fraction expansion on E@)
z
(1) real poles
ie
E(2)= z - E(z)= 1 _ -1 N -3
(z=5)(z-2) z (z-5)(z-2) z-5 z-2
_ | - 4| =3z
ZUNE(2)] =27 =% |+ 27
O s
e(k)=-1-32")
ie
E(2)=2E(z) - 2(2) - 1 _a, b ¢
z 2(z-5)(z-2) z z-5 z-2
1 1 1
= |, =01 b=———|,.:=0.067, = -»=-0.167
2 (z—5)(z—2)lz‘° z(z—2)|25 ¢ z(z—5)|22
El(z):0.1+0'067z—0'167z
z-5 z-2
Z71[0.1] =0.15(k) {(K) =1 if k=0, otherwise 0}
2‘1{0'0671 =0.067(5%)
z-5
2‘1{0'1671 =0.167(2%)
z-2
ie

E,(2)=22E(2) - e,(k)= 2"z 2E(2)} = (k- 2)u(k - 2)
e,(k)=-1-3(2?)u(k - 2)

if k22 - ey(k)=-1-3(2¢7?)

if k<2 - e(k)=0

12



2) complex poles
AT . . .
y(k)= AT cos(bKT +8) = [gIPKT 16 4 g7 IPKT o=i6

= Al (aT+bT k6 , [(aT-jbT )k -6
2
A gl g0z ] _
Y(Z)_EL—E(aT’fibT)k + @ BTR (fromappendix 8)

__05Ag%z 05Acz _ kz | Kz
Z—E(aT+ij)k Z—E(aT_ij)k zZ-p; 7 - p’i

* wherek; = 0.5A8% and p, = £8THPTK
* solve for discrete time function
- determine aT and bT from poles
- determine A and @ from partial fraction expansion

p, =M ePT =£8TOpT _ aT =In| p|, bT =arg p;

io
ki = Az =§DH - A=2|k;|, 8=argk;

2
a+ jb — magnitude=+a® +b?, 0 =tant2
a

ie: determining coefficients in partial fraction expansions

Y(2)= -3.8%4z _ -3.894z _ kz kyz
72 +0.6065 (z+j0.7788)(z-j0.7788) z-j0.7788 z+ j0.7788
Y(2)_ ko, Kk
z z-j0.7788 z+ j0.7788
K, = ~38%4 T -3894 _|3894| A5 = 250190
(z+j0.7788) = 1% 2(j0.7788) |1556|
i_ﬂh_—]owss > |3894| tan- %:2-5590
(z-j0.7788) 2(j0.7788) |1.556]
- p, =j0.7788

aT =In|p,|=-0.25
bT =arg p, =7%
A=2|k,| =5
f=argk, =7
y(k) = As®T cos(bKT +8) =56 02K cos(Tk +Z)= 550 sin(Z k)
residues: partial fraction expansion coefficients ki, k' 1 for poles of Y (z)

k has vaules if numerator of Y (z) w/ higher order than denominator

13



3. Inversion Formula M ethod: most general technique

e(k) = 2%_ §E(2)2“"dz (2-31)
A

line integral in z-plane
along any closed path, /-, that encircles all finite poles of E(z)Z*

(k) = Zapolesof Ez«: [residues of E(2)2] (2-32)
smplepoleat z= a: resdueza = (za)E(2Z" 24 (2-33)
poleof order mat z= a: residue=a = 1  d™(za)"E@ZYza (2-34)

(m1)! dZ™*
ie
O PR S S AR A T PPN
(z-1)(z-2) (z-2)"" (z-1) 77
Ey(z) oL E(z)_ 1

(z-1)(z-2)  z  Zz-D(z-2)

approach 1: from real translation property: ey(k) = e(k-1)u(k-1) [-1+ 2**] u(k-1)

k-1
approach 2: from inversion property: Ey(2)Z! = B
(z-1)(z-2)
. 1
poleat z= 0 only for k= 0: g0) = residues =05-1+05=0
z:OZ,l,Z 2z-1)(z-2)

values for k), k >0 obtained from 2-32

ie: multi-order poles

E() = z . e(k)= 1 d{(z_l)z(;zk—lil
z=1

(z-1) (2-1) dz 2-1)?
dz* _
=E:k2k 1|Z=1=k

14



4. Discrete Convolution (analogous to continuous convolution)
suppose E(2) can be expressed as. E(2 = E1(9E2(2 (2-35)

let E1(2) and Ex(2) be expressed a power series, then
E@ = [&0) + e(1)Z' + &2+ e(3)2°] [&:(0) + ex(1)Z + ex(2)2°+ e(3)Z°]
E@ = e(0)e(0) + [ex(0)ex(1)+ ex(1)ex(0) 177+ [en(0)ex(2)+en(D)ex(1)+en(2ex(0)] Z...

e(k) = ex(0)ex(k) + ex(l)ex(k-1)+...+ ex(k)ex(0)
el) = Tk pe(n)e(k—n) =Xk oe(k=n)eyn)

e(K=ZE:(9Ex2)] = ewk)*ex(K) (2-39)
ie
_ z _ _z 1
RN P P B R CEP TRy

_ Z::()( 2771y &—12::0( 5771y
_ Z::()( k77K DZ::O( gk k1)

=(1+ 27 +2272+23773 + 242_4...)(2_1 +522+5%73 + 532_4...)

=7 +(5+2)272+(52+10+22)z 3 +(53+ 2% + 22 5+ 23)z*

k)= _e(ne(k-n)
e(4) =Zizoel(n)%(4— n)=e(0)e,(4)+e(1)e(3)+e(2)e(2)+e(3)e(1)+e(4)e(0)
=16+ 262+ 22 5+ 231+ 2* =203

15



2.7 Simulation Diagrams & Flow Graphs
Linear Time Invarient System can be represented by
- difference equation
+ transfer function
« simulation diagram
« flow graphs
(1) Smulation Diagram:

Simulation Digram Elements
« toobtain TF of block diagram = use block diagram reduction or Mason’s Gain Formula

i. Shift Register = Delay element

shift register ideal delay element

ek , e(k-1) e(k) e(k-1

« simulation of continuous systems - basic element is integrator

« simulation of discrete systems - basic element is delay element (memory)
- transform of input: Z[ e(k) ]|=E(2)
- transform of output: Z[e(k-1)] = Z'E(2)

transfer function of time delay element = z*

ideal delay element

E(z) E(z-1

16



ie: system representd by difference equation: m(k) = e(k) — e(k-1) - m(k-1)

input = e(k)
ouput = m(k)

use ASICs, FPGAs to implement specific equation using shift registers, adders, summers...
- set all registersto O (initial conditions = 0)
m(0) =0
e0)=0
-attimet=0,2TA4T, ... 2¢ekl) =1
-attimet=1,3T,5T,... 2¢klh =0
- output m(k) available at time t=KT

....e(2), e(1),e(0) | m(k1)

& MKk) ,...m(2),m(1),m(0)

non-zero initial conditions:
- replace k with k+ 1: m(k+1) = e(k+1) — ek) - m(k)
- using register for e(k) = initialize &0)
- using register for m(k) = initialize m(0)

e(k+1)

...e(3), e(2).e(1) mkt1), m(K

& M(k+1)...m(3), m(2),m(1)

M(2) _1- z*t

Transfer Function:  (1+ZY)M(@2) = (1-ZY)E(2 > —
E(z2) 1+2z%

17



(2) Signal Flow Graph
+ basic elements are branches & nodes
« output signal = branch gain * input signal
« gignal at anode = sum of all signals from branches coming into node
« toobtain TF of signal flow graph - use Mason’s Gain Formula

A B=AG
A G B=AG

1 =A-B
-1

Transfer Function (Mason’'s Gain Formula)

M= - Z_l
M2 =1
L, = -Z_l

A=1-(L)= 1+ Z*

A]_ =1
Az =1
T= (1-7Y
(1+ 27
Signal Flow Graph Block Diagram
branch o block
node o signal
input node o input signal
output node o output signal

18



General n" order diffence equation
(k) + Bnam(k-1) +..+ aom(k-n) = bye(k) + brae(k-1)+ ..+ boe(k-n) (2-41)

M@ + a1z M@ +..+ a z"M(@) = bhE@) + bh1iZ'E@+..+ boZ"E(@  (2-42)

M@ = by+byz™..+ byZ" (2-43)

E@2) 1+ anizZ'+..+ az"

Non-minimal representation: minimal representaion needs only n delay elements

k k-1) k-2 k-3
T T Y ey .. i

A 4 A 4

A 4
bn bn—l bn—2
N

O

+

Example of minimal smulation diagram

e(k) . C+ y(k) *zgm)él m(k)

T

determinetransfer function
1. mKk) =yK -yk1l) > M@= (1-2'1)Y(z)
y(k) = e(K)-y(k-1) > E@ = (1+Z)Y©@

M(z) 1-z"
E(z2) 1+2z%
2. Masons Gain Formula

M= - Z_l

Mzz 1

L, = -Z_l

A=1+7'

A]_ =1

Azz 1

T2 Miby+ M0, _ 1= z?
A 1+ 71

19



Review of Masons Gain Formula: gives transfer function from source to sink node

Source Node: signals only flow away from

Sink Node: signals only flow towards

Path: sequence of uni-directinal branches

L oop: closed path w/ no node encountered more than once, each branch w/ in & out branch
Forward Path: connects sourceto sink

Path Gain: product of transfer functions of all branches in the path

Loop Gain: product of transfer functions of all branches in the loop

Nontouching L oops: two loops with no nodes in common

Nontouching Loop & Path: loop and path with no nodes in common

1 1
T :ZZE:]_M kAk :Z(M]'Az +...+M pAp )

T: transfer function

Li: loop gain of i" loop

A: 1-sum(all individual loop gains)
+ sum(product of loop gains of all combinations non-touching loops, 2 a atime)
- sum(product of loop gains of all combinations non-touching loops, 3 a atime)
+ sum(product of loop gains of all combinations non-touching loops, 4 a atime)

My path sign of k™ forward path
A value of A for part of flow graph not touching k" forward path

/o e e\ e s

ECA N A A N S

H He
(i) two non-touching loops:

L, = -GH;

L2 = - G4H2

(ii) two froward paths
M: = GGGGGs — touches both |OOpS
M, = GgG,Gs —touches Only -G4H,

A:l—(L1+ L2)+(L1L2) \4/

A=A of flow graph without M; (and any nodes)

e ,
Alzl
Azz 1-L1
G G, Gs
T= G1G,G3GaGs + GeGaGs + GsGaGsGoHy "_@—’—\ /
1+ (GyHy + GyH, ) + (GoHy G4H))
e ,

20



2.8 State Variables

Representing a System transfer function

E( —G@l—M@)

state variables

us (k) —fx (k) —>ya(k)
Uo(K)—fxa(k) |, Y2(k)

U(K) — oK) —sYo(K)

state vector
u(k) —x(k) —y(k)
State Variable M ethod
i™ external input, ui(k) — input space = u(k)
h'" system output, yn(K) — output space= y(k)

j™ internal state variable, Xk} - datespace = x(k)

« for any given input ui(k), this represents the minimal information needed to determine

- future states x;(k+1)
- system outputs y;(K)
general description of non-linear, time varying system at time = (k+1): (k implies KT)
X(k+1) = f [x(K),u(k)] (2-45)
general description of non-linear, time varying system response at time = (k)
y(k) =g [x(k),u(k)] (2-46)

description of linear system at time = (k+1):

x(k+1) = A(k)x(k) + B(k)u(k) (2-47)
description of linear system response at time = (K)
y(K) = C(k)x(k) + D(k)u(k) (2-48)

description of linear time invarient system at time = (k+1):

X(k+1) = A x(k) + B u(k) (2-49)
description of linear time invarient system response at time = (k)
y(K) = C x(k) + D u(k) (2-50)
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y(k+2)=uk)+17y(k + 1)-072y(K)
(k) = y(k)

X(K) = Yi(k +1) = xy(k +1)

Xy(k +1) = X;(K)

Xo(k +1) = u(K) + 17 x5(K)-0.72x,(K)

X (k+1) _ 0 1 | x(K) N 0 UK
x(k+1)| |-072 17| x| |1
Xl(k):|

y(k) =[1 O]L( ®
2

Dervation of state-space equations from transfer function - control canonical form
(i) start with transfer function G(2)

G@= bpiz"™ +byoz™+.. 4 byz
2+ anz™ .+ az+ a”

for input u(k) & output y(Kk):

Y2) = G@= buz" + bz, +biz+ by E@2)
U2 2+ an1z™ H. 4 &z + a E(2)
Y(2) = (braz™ + bhoz™+ ..+ byz) E(2)

Uz = @+amz™+..+az+a)EQ@

(it) From Real Translation property
E(2 > k)
ZEZ 2 ekt+l)
Z’E(@ 2> ek+n) ...

(iii) Define State Variables
xa(K) = e(k)
X2(K) = xa(k+1) = e(k+1)
X3(K) = xa(k+1) = x3(k+2) = e(k+2)
Xa(K) = xa(k+1) = Xo(k+2) = x3(k+3) = e(k+3) (2-55)

Xa(K) = Xoa(kt 1) = e(kdn-1)

(iv) obtain state equations - control canonical form
x1(k+1) = xo(K)
Xa(k+1) = x3(K)

Xn(k+1) = -aoxu(K) - a1 X(K) - @ X3(K) - ... - an-1 Xa(K) + u(k)
(2-55) 2 Xn(k+1) = e(k+n)
(2-54) 2> u(K) = e(k+n) + aniek+n-1) +..+ a ek+1) + ae(k)
e(k+n) = u(k) - ap1e(ktn-1) -...- a; e(k+1) - age(k)
Xn(k+1) = U(K) - @n1Xn(K) -...- @1 Xe(K) - aoxa(K)
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state-space equation

X (k+1) 0 1 0 0.0 |[x(k) 0
X;(k+1) 0 01 0.0 |x, (k)| |O
X3(k+1)|=|0 0O O 1..0 Xg(k) [+]0 Ju(k)
X,(k+1) —ay—a...— a4 || X, (k)| |1

x(k)
y(k)=[o, b b, by.b,] %)

X, (K)
or Xx(k+1) = Ax(k) + Bu(k) (2-59)
y(K) = Cx(k) (2-60)

- egn (2-51) = transfer function representation
- egn (2-59) & (2-60) = state equations

multiply (2-51) by z™"

Y22 = G@= buz' +bpz?. .+ byz™ E(2)
U@ 1+ amzt+. . +az'™ + az" E(2
YZ = (bpz?t +bwz?..+ bz")E@

Uz = (@+auzi+.+az'™+ az™) E@

E(2

U@ - (amzt+..+ aiz’™ + apz™)E(2)
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(2-63)
(2-64)



derive signal flow graph for control canonical form from, use dummy variable, E(2)
br1z T E@) + br2z 2E@+..+ boz " E(2))

- Y2

- E@ = U@-(amz'E@+..+az'"E@+ az"E(2)

- TFof delay of T secondsis z*

derive smulation diagram for control canonical form from signal flow

K-2
Xn-1(K)
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_n)

1(K)

y(k)

(2-62))
(2-64)



« gmulation diagram for observer canonical form from signal flow

Ry

« dgnal flow graph for observer canonical form from
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o derive TF for observer canonical form

i

x(k+1) = Xe(K) - an1xa(K) + bnau(k)
Xo(kt1) = Xa(K) - @n-2xa(K) + bn-ou(k)

Xa(k+ 1)= Xo(K) - anxa(K) + byu(k)
Xn(k+1) = - apxa(K) + bou(k)

and y(K) = xu(K)

thus
-a,.;, 1 0 0..]
bn—l
-a,, 0 1 0.. o
x(k+1) = x(k) + | "% u(k)
-a;, 0 0. 1 '
b0
-3, 0 0.. 0|

y(K) =[100... 0] x(k)
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ie: control canonical form
Y(z) _ 7?2 +2z+1

G(Z)=U(Z)_z3+222+z+%

x (k) =e(k)

X(K)=xi(k+1)=e(k+1)
X3(k)=x(k+1)=e(k +2)

Xg(k+1)=e(k +3)=u(k)—2x5(K) = X, (k) —0.5%; (k)
Y(K) = Xg(k)+2x%; (k) + X, (k)

x (k +1) 0 1 0T7x(k)] [0
%(k+1)|=| 0 0 1 [xy(k)[+|0]u(k)
xg(k+1)| [-05 -1 -2|xg(k)| |1

X1(K)
y(k)=[1 2 1) x,(k)

X3(k)
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ie. numerator & denominator w/ same order - Direct path from Y (z) to E(2)

G@= Y@ = b,Z + by 7+ by
U@ 22+ az+ a)
Y2) = bpt+bz'+bz?E@
U@ 1+ a7z + az?E(@2
x1(K) = e(k-2)

%(K) = x1(k+1) = e(k-1)
Xz(k+1) = u(k) —ay X2(K) —ao X1(K)

x(k+1) = {_‘;0 _2 }x(k) +m u(k)
1

Y(K) = [bobr b2 ]x(K) -wrong !, only 2 state variables

from signal flow graph:
Y(2) = bE(2) + biXa(2) + boX1(2)
E(2 = U(2) - a1Xx(2) —aoXu(2)
thus Y(2) = boU(2) + (bi- boa1)Xa(2) + (bo— boan)Xi(2)
and y(K) = [(bo—boao) (b1~ bras)] x(K) + b2 u(k)

Deriving State M odels:

(1) from transfer function:

o(2)= Y(E(2)

U(z)E(z)

x(k)=e(k-])
X (k+1)=x (k)

(2) from Simulation Diagram
- Assign state variable to each delay output
- Write equations for delay input & system output in terms of delay output & system input

(3) Decomposition of High Order TF'sinto product of Simpler TF's
Represent G(z) as product of simpler TF's: G(2) = G1(2)G2(2)...Gn(2)
Realize Gi(2) by either technique (1) or (2)

Connect Gi(2)’s by cascading them
Use 2™ order Gi((z)’s to avoid complex poles

(4) Decomposition of High Order TF’ sinto sum of Simpler TF's
Represent G(z) as product of simpler TF's: G(z) = Gip(2) + G2p(2) +...+ Gnp(2)
Realize Gip(z) by either technique (1) or (2)
Connect Gi(2)'sin parallel
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2.9 Other State-Variable Formulations
Transfer Function:
- gives system input/output relationship
- transfer function is unique for a given system

State M odel:
- gives internal system description (not unique)

- gives input/output relationship
- derived from transfer function, difference equation, or simulation diagram

ie y(k+2) = u(k) + L.7y(k+1) - 0.72y(k) - derived earlier

(1) x1(k) = y(K)
Xo(K) = xy(k +1)=y(k +1)

Xo(K + 1) = U(K) + 17 %, (K)-072%(K)
Xl(k)}

X(k +1) = 0 ! X(k)+ 0 u(k), y(K)=[1 0]
-072 17 1 X(K)

u(k) y(K)
_{ 1 }{ 1 } _""-x_ 1(k) Q}
z—-08] z-0.9

L-<— 038]

Y2 _ 1
U@ 2z2-17z+0.72

(2)

y(K) = x(K), X(k+ 1) = u(k)+0.8x; (k)

start fromsimpler TF:
yi(K) = xa(K), xa(k+ 1) = uy(K)+0.9x; (K)

overall state model:

08 1 0
i(k+1){0 0l9}‘((k)+{1}u(k), v =[1 oK)

(3) L\J/(Z): . 1 { 10 }{ —10}
(@ z2-17z+072 |z-09 z-0.8

y(K) = 10e(k), u(k) = e(k+1) - 0.8e(k)

start fromsimpler TF:
yi(K) = -10e&(k), ui(K) = e(k+1) - 0.9¢(k)

overall state model: X(k+1)= {0(')8 009}7(( k) + mu( k), y(K)=[10 -10[x(K)

u(k) 1(K)
O[T —
y (K
69] ®
@—[T
=

29



review of determinant and trace
(1) tr(A) = sum of elements on diagonal (ai1 + ax +...+ amn)

(2) Al=2(=) ay., &y, ..., agj
summation over all permutations |i, j2, j3, -..jn Of Set S={1...n}
‘+" for even permutation, ‘-* for odd permutation

|A] = a11820833 + Q12823831 + Au3A1832 - Q11823832 - 12821833 - Q13822831
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Similarity Transfor mations of state model:
X(k+1) = Ax(K) + Bu(k), (2-67)
y(K) = Cx(k) + Du(k)

« letx, w:1 xn state vectors
« let P: n xnnon-singular matrice - each unique P yields a different state model
« apply linear transformation to x(k) = x(k) = Pw(k) (2-68)

X1(K) = puwa(K) + prawe(K) + ... p1n(K)

X2(K) = parwa(K) + paawa(K) + ... pann(K)

X(K) = Prawa(K) + Prowa(k) + . Prin(K)

substitution of (2-68) into (2-67) yields:
w(k+1) = PAPw(K) + P'Bu(k),
y(k) = CPw(K) + Du(k)

let A, =PAP
B, =P!B
Cy=CP
D,=D
then w(k+1) = Ay, w(k) + By, u(k)
y(k) = Cyw(Kk) + Dy u(k)

characteristic equation of A = determinant: |zI-A|=0
{Z ~8;1  ~ap }
~8y Z-ay

(z-a11)(z-az) - (a2a21)
(z-7)(z2)

(zI-A) =

[zI-A|

characterisitc (eigenvalues) values. roots of characteristic equation
z =eigenvalueof A = |zI-A|=(zz) (zz2)..(z2)=0
|zI-A| determines stability for system
characteristic equation unchanged by lineat transformation: |zI-A| = |zI-Ay|
Similartiy transform: A, = PAP
(i) eigen values, z are unchanged
(il) IAwl = | P*AP| = | PY|A] [P| = |A|
(iii) trace, tr Aw=trA =z + 2 +...+ 7,
(iv)Clz-A[*B+D=C|zI-A| B+ D
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If asystem has distinct eigenvalues - then derive a state variable model w/ diagonal system matrix
consider vector m; and scaler z defined by: let Am; = zm;
where m; = [my, My, .., M)’

R Ay My +@,My; + 33y, my
Ay 8yp  AQpg || My | = 8yMy +axMy +ayMy | =| 2Ty

| | agm; +a,m, +a,m, | | zm
Ay Ay Ay LW 31Ty + 8goMy; + 853y 31

- if (z1 —A)m; = 0 hasa nontrivial solution = |z1 —A|=0and z is eigenvalue of A

—Qyp Z—adyp Tay | My —ay My —(Z—ay, )My +aymy

Z—a —a —a
41 12 13 [mll] [( Z=ay; )My —ag,My — a3y ] 0

—Qdz  Tazp Z—ag

m; = eigenvector of A and A[mymy ...mp] =[Mm1m,...my ]z
M =[m; m, ...m, ] : modal matrix

A= diaganol matrix with eigenvalues of A where A= M*AM

iee x(k+1) = {0(')8 0.19} x(k) + {ﬂ u(k)
y() = [1 o] x(k)

characteristicegn: |zI-A|=0 - (z0.8)(z0.9)=0

eigenvalues:

= 0.8

Zo = 0.9
then setting Am; = zm; yields 08 1My |_qg M
0 9| My My

0.8my1 + N = 0.8my1

0.9mp1 = 0.8y,
thus my; = arbitrary and mp;=0

08 1 |m m
for column two: 21=09 *?
0 09| my m,,

0.8my2 + N = 0.9My2
0.9 = 0.9,
thus my, arbitrary and my, = 10mp,

and eigenvectorsof A = B} and Boy}
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ifx=1landy=1>M :E ﬂ andlvl'l{

A=M"1AM :{

-10
By = M'lB{ }

08 O
0 09

1
Cw=CM =[1 10]
and finally:

W(k+1) = {0(')8 0‘.)9} w(k) + {_ ﬂ u(k)

y() = [1 10] w(k)

2.10 Obtaining Transfer Function from State Model
given state space equations - construct simulation

1 -10
0 1

diagram, signal flow graph

(1) obtain difference equation relationship = take z-transform

(2) obtain transfer function from reduction or Mason’s gain formula

() take ztransform of state equations & eliminate state varible, x

X(k+1) = Ax(K) + Bu(k) -2 zX(z2) —zx(0) = AX(z) + BU(2)
y(k) = Cx(k) + Du(k) -2 Y(2) =CX(2) + DU(2)

if initial condition=0 >
[zI =A]X(2) =BU(2)
X(2) = [z1 -A]'BU(2)

then Y(2) = [C [zl -A]™B + D] U(2)
and transfer function: G(z) = C [zl —-A]'B + D
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2.11 Solutions of State Equations

1. Recursive Solution - assume time invarient system w/ x(0) and u(j) j=1,2,3.. known
X(k+1) = Ax(K) + Bu(k)
y(K) = Cx(K) + Du(k)
X(1) = Ax(0) + Bu(0)
X(2) = Ax(1) + Bu(l)
= A(Ax(0) + Bu(0)) + Bu(2)
= A%(0) + ABu(0) + Bu(1)
X(3) = Ax(2) + Bu(2)
= A(A%(0) + ABu(0)) + Bu(1)) + Bu(2)
= A%(0) + A%Bu(0) + ABu(1) + Bu(2)

x(K) = A%(0) + S AFMBu() (2-88)

let d(k) = A¥ - state transition matrix or fundamental matrix
x(k) = d(k) x(0) +Zi':01 d(k-1-i)Bu(i) (2-89)
k-1

y(K) = COK)x(0) + >

C(k-1-i) Bu(i)

2. z-transform method:

X(k+1) = Ax(K) + Bu(k)
y(k) = Cx(k) + Du(k)

letuk)=0->  zX(2) - zx(0)= AX(2)
(zI-A)X(2) - zx(0)
X(2) = Z[zI-A]™x(0)
then x(k) = ZY{X(2)} = Z*{Z[zI-A]*x(0)}

if u(k)=0-> x(k) =d(k) x(0) from (2-89)
then d(k) x(0) = Z{Z[zI-A]*x(0)}
thus substitute (k) = Z*{z| zI-A[* }

Properties of ®d(k)
«  x(k) = ®(k) x(0) > D(0) =|
D(ky + ko) = Akt = Ak Ak = p(ky) D (k)
d(-k) = A*=[A]T = 0™ (k)
d(k) =™ (-k)
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ie

G(z)=

_ (z+3) _ (z+3) _Y(2)
(z+1)(z+2) (2?2 +3z+2) U(2)

u(k) = e(k+2)+3e(k+ 1)+ 2e(K)
y(K) = e(k+ 1) + 3e(k)

xi(k) = (k)

X2(K) = e(k+1)

Xa(k+1) = U(K) - 3xa(K) - 2x1(K)

X(k+1) = {_02 _13} X(K) + m i)
y(k) = [3 1x(k)
asssume

systemisinitially at rest: x(0) =0
input is unit step: u(k) =1 for k =0,1,2...

_ ) 1] 0] _ 0
x(1) = 2 -3 x(0) + n u(0) = _J
y = [3 dx(1)=1

_ ) 1] 0] _ !
X(2)=|_ 2 -3 x(1) + N u(l) = - 2}

y@=[3 1x@=1

o 1 0 _[-2
X(3) = {_2 _3}x(2) + L} u2) = { . }
y@3) = [3 x(2)=-1
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